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Electro-magneto-thermo-visco-elastic Plane Waves
in Rotating Media with Thermal Relaxation
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A study is made of the propagation of plane electro-magneto-thermo-visco-
elastic harmonic waves in an unbounded isotropic conducting visco-elastic
medium of Kelvin—Voigt type permeated by a primary uniform magnetic field
when the entire medium rotates with a uniform angular velocity. The ther-
mal relaxation time of heat conduction, the electric displacement current, the
coupling between heat flow density and current density, and that between the
temperature gradient and the electric current are included in the analysis. A
more general dispersion relation is obtained to determine the effects of rota-
tion, thermal relaxation time, visco-elastic parameters, and the external mag-
netic field on the phase velocity of the waves. Perturbation techniques are
used to study the influence of small magneto-elastic and thermo-elastic cou-
plings on the phase velocity of the waves. Cases of low and high frequencies
are also analyzed to determine the effect of rotation, visco-elastic parame-
ters, thermo elastic and magneto-elastic coupling, as well as thermal relaxa-
tion time of heat conduction on the waves.

KEY WORDS: magneto-thermo-visco-elastic waves; rotating medium; thermal
relaxation.

1. INTRODUCTION

The propagation of electro-magneto-thermo elastic waves in an electri-
cally and thermally conducting unbounded isotropic non-rotating media
has been considered by many authors [1-7]. Paria [1,2] used the classi-
cal Fourier’s law of heat conduction and neglected the electric displace-
ment current, the coupling between the current density, and the heat
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flow density, that between the temperature gradient and the current den-
sity. Nayfeh and Nemat-Nasser [8] used a more general model of electro-
magneto-thermo-elasticity, which includes the thermal relaxation time of
heat conduction and the electric displacement current and studied the
propagation of plane waves in a non-rotating medium. Schoenberg and
Censor [9] studied the propagation of plane harmonic waves in a rotating
elastic medium where it is shown that the elastic medium becomes disper-
sive and anisotropic due to rotation.

It appears from the above discussion that little attention has been
given to the propagation of thermo-eclastic plane waves in a rotating
medium in the presence of an external magnetic field using a more general
model of electro-magneto-thermo-elasticity. Since most large bodies like
the earth, the moon, and other planets have an angular velocity, it would
appear more realistic, on the considerations of the visco-elastic nature of
the earth [10,11], to consider the propagation of magneto-thermo-elastic
plane waves in a rotating visco-elastic medium. It is very likely that
rotation and viscoelastic parameters will have some important effects on
coupled magneto-thermo-visco-elastic plane waves. Roy Choudhuri and
Debnath [12] considered a problem of plane wave propagation in a rotat-
ing medium, but neglected the displacement current, charge density, the
coupling between heat flow and the current density, and that between the
temperature gradient and the current density.

The main object of this paper is to study the propagation of plane
harmonic waves in an infinite conducting thermo-visco-elastic medium
(Kelvin-Voigt type) permeated by a primary uniform magnetic field when
the entire medium rotates with a uniform angular velocity, using a more
general model of electro-magneto-thermo-visco-elasticity by including (i)
the displacement current, (ii) the thermal relaxation time of heat conduc-
tion (Lord-Shulman’s theory], (iii) the coupling between the heat flow and
the current density, and (iv) the coupling between the temperature gradi-
ent and the current density.

A more general dispersion relation is obtained to determine the
effects of rotation, thermal relaxation time, the external magnetic field,
and visco-elastic parameters on the phase velocity of the waves. Special
attention is given to the effects of rotation, relaxation time, visco-elastic
parameters, and small thermo-elastic as well as small magneto-elastic cou-
plings on the phase velocity of the waves. It may be mentioned that a sim-
ilar problem in rotating medium without visco-elastic effects was studied
by Roy Choudhuri and Debnath [12], and Roy Choudhuri [13], by Bakshi
et al. [14], and by Othman [15] in generalized thermoelasticity.
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2. FORMULATION OF THE PROBLEM AND THE BASIC
EQUATIONS

We considered an unbound, isotropic, thermally, and electrically
conducting visco-elastic medium (Kelvin-Voigt type) permeated by a pri-
mary uniform magnetic field to be Hy. The medium is characterized by the
density p, Lame’ constants A, u, and visco-elastic parameters A', u! and
is rotating uniformly with an angular velocity 2 = 2k where k is a unit
vector representing the direction of the axis of rotation. The displacement
equation of motion in a rotating frame of reference is

plii+£2 x (2 x u) +282 x i]
[0+ + O+ Y FIVY - )+ (n+p' 5V +jx B—y grad6 (1)

Maxwell’s equations are

D
curl H=j+ —, (2)

= ot

0B
| E=——, 3
curl £ » (3)
divB=0, divD =p,, “4)
B=u.H, D=cE. ®)

The generalized Ohm’s law with the effect of the temperature gradient
on current is

j=olE+ (5 +2xu) x B~k erad. ©)

The local energy balance principle yields. —h; ; = pc,0 + b A (7)
The generalized Fourier’s law of heat conduction [10] is
roizi+h,~:—k9,,-+1'10j,~, i=1,2,3. (8)

All symbols have their usual meanings as in Ref. 8.

Equations (7) and (8), on elimination of h;, give the generalized
heat conduction equation (Lord-Shulmon’s model of generalized thermo-
elasticity [17]):

,OCv(é+‘L’0§)+V090(A+‘50A)=kv29—Uoj,',i. )
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Eliminating j, p., D, B in Egs. (1)-(6) and (9), linearizing by setting
H=Hy+h*, where h* is the perturbed field of Hy, and assuming that the
products of i*, E,u,6 and their derivatives to be very small, the non-lin-
ear coupled partial differential equations reduce to

pev (04 106) + vl (A +10A) =kV20 4+ TTh(e Y - E), (10)

plii +82 x (2 x ) +22 x il = A+ WYV - w)
ad d
+O! DV W)+ p Vil SV — 06 +
peo (E x Ho) +0opg{(i x 2 xw) x Ho) x Ho—kowe(V0 x H), (1)

VPE—V(V - E) = o0 [E + pelii+ 2 x it) x Hol —kopte V0 + pie € E. (12)

In the absence of rotation and visco-elastic parameters, these equa-
tions are reduced to those reported in Ref. 8.
Let us introduce the following notations

2 1 1
w«__ PCVCT 2 A2u _ % _ v p2_ A2u 12 _ A +2u
w = k L) C]_ ) L) g_pCVa b_ w ’ ﬂ - " ’ ﬂ - ﬂl k)

T =T10%,

" 2
_2 _bg _mlm[ T vt T i
S_C] el“’@v EG_ﬂzv EE— ,OC% ’ V—cha V= C% , V= Mw v

M=o, €w* |Hy| /(gpcvbo), k=gkobo/ |Ho|-

Here Hy= |Ho|n where n is a unit vector in the direction of the
primary uniform magnetic field. Using as in Ref. 8, -1 <L <L g, and

S WoF W Wa
| Hy ‘ Wec1/g as the unit of time, length, displacement, temperature, and the
electric field, respectively, we obtain the following non-dimensional field
equations:

O+16 —V0+A+1A=M1-V-E, (13)
USE+ E+ (i + 2 x i) x n— kYO =0V?E —~TV(V - E), (14)
B2V [ii; + (2 x (2 x w))i + (282 x it);]
— 0 — 0
=v(B2— DA, +v1(B? - 1)5A,i +vV2u; +UI§V2M,- —vB% €9,

+B% € {(E x n) + ((i+ 2 x u) x n) x n—Vk(V0 x n)}
i=1,2,3....... (15)
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[T¥EH]

where “comma” followed by “i” in the subscripts of A and 6 above
indicate partial derivative with respect to the spatial coordinate. The field
equations, Eqgs. (13)—(15), without the visco-elastic effect (v =0, B! =0)
are reduced to the corresponding equations of Roy Choudhuri [13, p. 521].
Here 0, u, E are all corresponding dimensionless quantities.

3. PLANE HARMONIC WAVES AND DISPERSION EQUATION

We consider, without any loss in generality, plane waves in the rotat-
ing medium in the xj-direction. We look for time-varying dynamic solu-
tions and as such, the time-independent part of the centripetal acceleration
as well as body forces will be neglected.

We assume u=(u, v, w), E=(E1, Ea, E3), 2 =(821, §27, §23).

The primary uniform magnetic field Hy is in the direction Hy= Hyn
where n=(n1, 0,n3). Equations (13)—(15) are reduced to o

O+16—0"+i' +tii' =nE}, (16)

TsE1 + E1 +n3V +n3 (231 — 21w) — k6’ =0, (17)
UsEr+ Ey+nit) — n3ii +n1(821V — £251) —n3 (21w — $23v) =vE,”, (18)
UsEy+ E3+n1V —ny (230 — 210) =VE3”, (19)

Vil + (R21u+ 22V + 23w) 2] — 2%2u +2(221 — 23V)]
=vu” —i—?ﬁlzl;t” —vegb'+ep{Enz+ninzw

— n3i — $2on3(nyu +nyw) +vns(n 2 +n323)), (20)

VB2V + (21U + 22V + 23w) 25 — 22V + 21123 — w2))]
=VV”+7\'/”+/32 eg{Esny — Einys—v— (nju+nsv)(n; 23 —n3$2y)

+(n1821 +n3823) (nyw — n3u) +vkn36'}, (21)

VB2 + (21U + 25V + 23w) 23 — 22w +2(V82| — 11§25)]
=vw” + V" — Brepn) x {Es+n —nzi — 2(nju+n3w)

+v(n1 821 +n3823), (22)
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where ﬂlz = %_/22 V= ‘%/ and B, vy are the visco-elastic parameters.

Here the prime over the field variables denotes the differentiation with
respect to the xj-coordinate.

Case A: We consider the case n3=0, n;=1. Equations (16)—(22) are
reduced to

0+76—0" +u i’ =IE], (23)
vsE|+ E| —vk0' =0, (24)
VsEx+ Ep+ i+ 21V — 21 =VEY, (25)
UsEy+ E3—V — Q230+ 21w =7E3", (26)

i+ 212V — 23u + 2123w — Q3u+ 2(22 — V823)
=u" +V1pii"— €p 0, 27)

DBV + 23(wS2s — v23) + 21 (221 — 21V) + 2(11823 — w2)]
=10 + V' +Brep {E3—v—uf23+ 21w}, (28)

VB[ + 21 23 — w2)) + 22(23V — 2ow) 4+ 2(VE2) — 11522)]
=vw” + V0" — Brep{Er+w— 2ou+v82;}. (29)
When vy =0, Egs. (27)—-(29) reduce to the corresponding equations of

Roy Choudhuri [13, p. 522]. When 2| = £2, = §23 =0,the system of equa-
tions, Egs. (23)—(29), break up into three groups as

O+70—0"+i +1ii' =IE/, (30)
vsE\+ E1 —vk6, =0, (31)
ii=u"4+vpHi"—€p0', and (32)
UsEy+ Ey + 10 =VE,", (33)

UsE3+ E3s—V=VE;", (34)



Electro-magneto-thermo-visco-elastic Plane Waves in Rotating Media 1407
B =" + VvV + B ep (E3 =), (35)

B2 =vw" + v — B% €k (Es +w). (36)

Equations (30)—(32) correspond to coupled thermo-visco-elastic dila-
tational-electrical waves. Equation (33) with (36) and Eq. (34) with (35)
correspond to coupled visco-elastic shear electrical waves, not studied ear-
lier. These three groups are independent of each other. The coupling
between the longitudinal and shear motions disappears when 2 =2, =
£23=0. When 2, =023=0, 2, =5 #0, Egs. (23)-(29) are reduced to

6+16—0"+i' +ii =IE, (37)
UsE| 4+ E| —Tk6; =0, (38)
ii=u"+ V1B —€p 0, (39)
UsEr+ Er+ 10+ 2V=TE,", (40)
VsE3+E3—V+wR =vE3", (41)
VAV — 2% 202 =W + TV + B2 ep (E3 —V— 2,), (42)

TR0 — w2+ 22V]=vw” + TV’ — B ep (Ea+uw+vR}).  (43)

Equations (37)-(39) form one system I, which corresponds to the
coupled visco-elastic-thermal-dilatational and electrical waves. The four
remaining equations, Egs. (40)—(43), form a second system II, which corre-
sponds to coupled electrical visco-elastic shear waves (independent of the
thermal field as expected) and x;, x3 components of the electric field, influ-
enced by rotation.

3.1. Dispersion Equations for the Systems II and I

For waves propagation in the xj-direction, we write
(E2, E3, v, w)=ag,, ag,, ay, a,) expfi(gx; +wt)}, (44)

where o is real and ¢ is complex. The wave speed is then C =w/Re(g) and
the attenuation coefficient S = —Im (gq).

We substitute Eq. (44) into Egs. (40)—(43) and for non-trivial solu-
tions for ag,,ag,,av,a, we obtain the following dispersion relation for
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the system II:

iw—fsw2+iq2, 0, Riw, —w?
0, iw—ﬁvwz—s—ﬁqz, wz, w2
=Rg2 2 2 =2 —
VB (—w” — 2°)+v =0
0, —/32 cr, B( ) q

+iog?V + B epio, —20B%wR2—Brer 2

v (—w? —2%)
4942 +iwg?V + B egio
(45)

B2eg. 0, 2WBLQIw+p2eg 2,

Equation (45) represents a more general dispersion relation in the
sense that it incorporates the effects of visco-elasticity and the rotation
on the phase speed of the waves when the displacement current and the
charge density are included in the analysis.

For system I, we substitute (0, Eq, u) = (ag, ag,, a,) expli(gx) + wt)}
into Eqgs. (37)-(39) and for non-trivial solutions for constants ay, ag,, ay
we obtain dispersion equation for the system I as

iw—Tw?+q2, Mo, —wq —twliq
Tkqw, iw—TVsw?, 0 = 0. (40)
coiq, 0, 4> — o’ +7ipliwg’

4. PERTURBATION SOLUTION OF THE SYSTEM II AND I FOR
SMALL € AND ¢y

Expanding the determinant of Eq. (45), we obtain for the system II,
(iow—Vsw” +7¢))]iw —Vsw” + g )T (—w> — 27)
+5¢% +iwg?V + B cpin)’ + QUBYiwR + %k 2)°)
+8% ep (0 (VB (—0” — 27) + V¢
+4iwg?V +prepin) —iwR2 VB Riv+ B2 e )}
—Ber[-B ep (—2%0* + o) — (i —Vsw? +7¢7)
(Riw(—20B% w2 — B* € Q) + > (VB (—0® — 27) +v¢> +iwg® V'

+B% epiow)}]=0. (47)
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To obtain the perturbation solution for II, for small €g we first put
er= 0 in Eq. (47).

Then we obtain (q2 — s*w?)
[{q2(1 +iovy) — pHe? + 22 —454920)2] —0, where we write iw— Tsw?
+9¢°=v(g* —s*w?), s*=s-— V’—w

The above equation has two solutions: g2 =s*w? =q%o, g*= ,B*Za)(z) =

2
qgo, where wy=w + 2 and p*?>= 1+/13'wW'
Next let us write Eq. (47) in a form neglecting 0 (eZE) and substitute
into this new equation for g2, the following:

4} =q}, +Ex €5 +0(€}) =5’ + & €p +0(€3),

at=q} +& ep+0(e}) =P ] +& g +0(e]),

where &g, &, are to be determined. Equating like powers of g, after
lengthy algebra we obtain,
: 268%%  {B? (0?4 2%) —s*0? (1 +iwv) —2p%02%}
E=——" " .
v [{ﬂz (2 + 22) — s*? (1 + i) > —4ﬂ492w2]

For vi= 0 this agrees with the corresponding result derived by Roy
Choudhuri [13] except some erroneous calculation in the last term. Fur-
thermore, for vj= 0 and 2= 0, the result agrees with the corresponding
result, in the non-rotating case as reported in Ref. 8 [Eq. (31b)]. Similarly
substituting g2 :qg, we obtain

B+ 2) (VY1 o)
V(1 +iov) Y

where | = ﬂ*zwé — ¥

§v=

For vi= 0 and ¢ = ,Bza)é —s*w?, the above result agrees with the cor-
responding result of Roy Choudhuri [13]. For v =0, 2 =0 we have

B2i +vw(s* — B)}

a2 2 %2 _
Y1=Bw" —s*w~ and §&,= 26— 5

This agrees with the corresponding result, in the non-rotating case as
reported in Ref. 8 [Eq. (31a)].

Thus, we obtain the following perturbation solution for the system II
as

) 1+2/32€E (B2 (0* — 2%) — s* (1 + i)}
=T 5572 {(B2(0? + 22) —s*02(1 +iwD)))? —4B42203?)
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— 8% 2[1—{(w+9)(lvl/f1+w)}€E /Ynv wo] (48)

4.1. Perturbation Solution for the System I

The dispersion relation, Eq. (46), can be written in the form,
(@ —q* (I +VIBiokITq* +5%(g° — @’ 1)+ € ¢°0’Ts* =0,

where * =1 — ;—) For vi= 0, this equation readily agrees with that
reported in Ref. 13.
In this case the perturbation solution for small €4 is given by

2 =? /(1 +V1BYiw) + &, €9+ 0(€D),

2 Tl & €p+0(e2) (49)
0-€o ,
%= s*+kIT o
where
C()Z‘L'*S* ‘L’*szs*z
‘i:uz

(= t)s* + K11+ 1) = e — st —R) G+ kD)

where 71 =1*(1 +v_1,312ia)). For v =0, 1y =t* the above result agrees with
the corresponding result as reported in Ref. 13.
Case B: Charge density vanishes. In this case p, =0, €0, 7k #0
Then Egs. (16)—(22), in the case §2, =23=0, £2; = £ #0 are reduced
to

vii =vu’ —|—+v’ﬂ2u" Vepb'+epny(Ey+njw —n3iu+v2ng)

VB2V — 22V —2wR] =" + vV + > eE(E3n1—Vn1+w.Qn1)

VB2 — 2%w 422V =vw” + V" — BEepni(Ex+niw —n3ii4vn | 2)
0+16—0"+i' +ii' =0

Vs Ey+ Ep +nyih —nii +n Q2V="E)

ﬁsE3+E3—n1'\}+n1.Qu'J=VE§/ (50)
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If n1= 0, n3= 1, the last equation uncouples and the other five equa-
tions of Eq. (50) reduce to two independent systems Ip and IIp. The sys-
tem Ip consists of the equations,

0+70—0"+u' +ii' =0
Vil =vu" + V' Bl —v ey 0'+ € (Ey — i) D

USEQ + Ez — i ZUEg.
The system IIp consists of the equations,
B2V —2°v—2wR]=V"+oV", B2l — 22w+ 22v]=w"+ 10", (52)

These equations correspond to the visco-elastic shear waves modified
by rotation of the medium. The solution of the dispersion equation is g =
%(1 —viw)!/2.

ﬁa)(l+ﬁ%w2)l/2
Bt 14702 +171/2

For vi= 0, this readily agrees with that derived in Ref. 13 (p. 526).

In the system Ip, we put (6, u, E2) = (as, ay, ag,) expli(gx + wt)}.

For non-zero solution for the constants ay,a,, ag, we obtain the
characteristic equation,

The phase velocity ¢ = (w/Re(q)) =

10’4+ ¢’ +iw, —qow—Tiw’q, 0
Vegiq, —Va)2+iq2+v1/312q2wi+65iw, —€g =0,
0, ?, qu — Vs +iw

which can be written in the form,

2_ cozr*)[{ﬁ(q2 —w? +U_1ﬂ12iw) + €g ia)}ﬁ(q2 — a)zs*)—i- €r 0?]

— Ve P’ (g? —wPs*)=0. (53)

(g

4.2. Perturbation Solution for Small €z and <y

We first put eg=0 in Eq. (53), which then becomes
(@ —’sM)(g* — 0’ 1) (q* — 0* + VI liw)— €0 ¢* 0’ T*]=0.

The solution, g% =s*w? =q%2, corresponds to the uncoupled electrical
wave. The other solutions, corresponding to the second factor are found
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by perturbation method for small €y to be

2 2 i 2 T
= w 1__V 1+—e B
9 ( p 1,31)|: (1= Zorph) — o 9i|

q22=a)21* 1—‘;@ .
(1— Lo —*

For v;= 0 (i.e., without visco-elastic effect), these agrees with Ref. 13
(p. 520).

These correspond to the coupled visco-elastic dilatational thermal
waves. For the coupled waves, we next put

==} +Ecr+0(€h), ¢*=qi =q3+& cp+0(c2),

¢* =s"o’ +éper +0(€i—),

in Eq. (53) and equate like powers of €g to obtain after lengthy algebra,
2_ 2 I .2 T
s=0 | 1——V 1+ .
ii=e? (1= S [ {(1—;;v—1ﬂ%>—r*}]
€k i 2 i
T z[[(l‘a"_lﬂf)"*] *(1‘;"_“312)6“*}
{(1=5vigt) —=*}
i 2 i i
-2 o (-2 ) () )
w w w
i_ 2 *
+(1——V1ﬂ1)€9‘5 ]i|/Mu,
1)

where
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(=Gt =) (O Grt) =) (1= e =)
® 1) 1)
L) i 2 * ) * ) *
+ 3 I——vipy)—s I——vipy) -7 )+ l——vipy)ent
i [0) [3) 0]
(1= Gmrsf) -]

t*e EgT* €
q§=wzr*[1— | i_g *] a 6
(=5 -] (

iwv v s L2\« %2
X[l+w[(f - )((1-;\)1,31)—7: )—T 69]:|/M0
and
*2 . 2
Mgzﬁz -T €0 2[[(1_1_‘)—“312)_1.*] +T*2€9}
{(=5vipt) -7} @
I*ZGQ * * i__ 2 %2
_{(1—Lu—m2)—f*}2[<f (1) =
. 2
[[(l—l—v_lﬁlz)—r*] +‘E*2€9}
TG
L __x2 _ 691'*
| (1-5) -} (1= Zog?) — ')
—s)

((1——v1ﬂ1)—t )—2‘5*269}]

€F (‘L'* —S*)

P {5~ (1 LoipD) — o r°s°]

><2r

Rt
e
I

qEz—s w? + = (54)

to the first order in €.

APPENDIX

A close look at the solutions given by Egs. (48), (49), and (54) reveals
that, in general, there are five different modified waves which can prop-
agate in an unbounded isotropic electrically and thermally conducting
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visco-elastic medium. They are visco-elastic dilatational, shear, electro-
magnetic, and thermal waves, i.e., visco-elastic dilatational, shear modes,
thermal mode, and electrical mode (two components).

For small €, the solutions of Eq. (33) are written as

1 ex L Brer M — 282022
~ B* l—-— , VA 1 .
WP “’0[ 272w} wl} =N w[ M s*(M? —4p42%w?)

where

L=(0+2)(w+ivy)), M =B>(?+ 2% —s*o* (1 +iwv))

Bwo €E
R IR Ny RSN Y S 5 §
e(qv) ﬁ(1+w2v§)1/2[ 1 Zﬁwo( 1Lz — L, 4)}
Im(gy) ~ P Ly— —E (LyLy+LiLy)|.
V2(1 +0)1/2 2vay

351 (5 p—wT) 4T
where Ly ={(1+o?v)/2L£1}1/2, Ly Sw(;p(fzzﬁ);jr)qz';‘;pq

= (T 2 41
vp(Vp —w V) —gso™v 2 2 2 21
Ly= , =Bw;y—sw”,g=(1—swv").

2-211/2
The phase velocity ¢, = Re?qv) ~ wﬁ(;:;i:)l) [1 + meung (L1L3— L2L4]

The attenuation co-efficient s,~

Bwo
T 2ty 2)1/2[ 2= 2
In the absence of the visco-elastic effect, vl =71=0

= 2.2
vwp V°p
g=1, Li=v2, L1=0, Ly=—o———, Li=—5 >,
vV pt—w Vipt+w

and the above results are identical with the similar results of Roy
Choudhuri [13, p. 528].

For large w,
— B By
Lir»—+ovy, L3—0, Ly—1, Re ~—— Im ~
12—+ 3 4 (qv) Neon (qv) Neo
Hence ¢, ~ Vz“’” .Sy w—f}T‘Q for large .
For large o the specific energy loss is given by 55 AW _ 4—”cvsv 4.

For small w, Ly =~/2, L,=0, L3=0, Ly=1, p=;3292, =1.
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Re(qy) ~ BS2
small w

1415
~ _B o ~ B<e
Im(qy) ~ —5= €g, Hence ¢, ~ 5o Su N 5 for
The specific energy loss is 47" = Aﬂcvsv ~ 27_(72—%5 for small w

w B2e
Re(qE)~ 75 M + (MiN1—M>N2) |,

v v

,326
Im(qe) =~ 2_ M+ (MaNy1+ M N) |,
- 12
where M = [\/ 14520 a)Z:I:svw]
Ni=

Nr=

[ZM* {sM* 2M0(1—sa)2v_1)} +22 (1—s0™ V) {2Moe?s (1—sw?vT) — M*}]
2 V0
w 0T 5

|: {sM* 2Mo(l—sa)zvl)} +%{2Moa) s(1—sw?vl) M*}z]

[ (1—sw ){sM* 2Mo(l—sa)zﬁ)}—M*{ZMO—“)}Y(I swlvl)— w}]

T MG
v o T
[ [z + 281502 1)} +L fampers(—sot - M) }
%

My =%’ + 2%

—o? (s2+v—_1)
v
M _M0 ——(1

sa)V) —48 40202, = 2w —92)—w2(s+2)
v? v
For small w,
wv
Mo~ B>, My~p2t, M*~-pg22° Mys~1. Ni~0, Nz“_ﬂz_Qz
w CEW w CEwW
R %/—[1 ] Im %/_[1_ ]
e(qE) o + —o? (qE) >~ o
Hence, cp ~ ZUw[ —;ET‘;], SE R — %[1_;%6;]
AW 4 EEwW
W ZCESE ~4m [1—
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Therefore, the specific energy loss depends on rotation but is independent
of visco-elastic parameters at a low frequency.
For large w, M| — v/ 2wsv, M;— - — Ni2—0.

V2swv
Re(qe) ~ o5, Im(qe)~ —— d sp~—— for large
~ , Im N —, ~— and sp~ — .
CUE)=ONS 1E 20./s °E s £ 20./s g
AW |4m 2w
—— = |—CES N —.
w w = wvs
__o(-viplio)!/? 1 o ]
For small €y, Eq. (49) leads to g, ~ RPN [ 2 (e €0
€p
Re(qu) =~ — [M3+—(M3N3—M4N4)]
V2(1+ v Bfa?)1/2 2
€0
Im(qu) ~ [M4 + S (Mg — M3N4)] ,

V21403l

where M3 4= (/1402402 +1)1/2

N, Dy+N,,D N, Dy—N,D
=D Dy, B m N 0y st 1, Ny=—o(sT+)
D2+D2 D2+D2
Dy:sia)z(l—t)+l+iw2E17—(sﬁ+r)v_1ﬂ12a)2, Dm:a){si—l—i—r—(sira)z—}—l)
— 2
V1,31}-

For large w, M3 4~ w1 f1, N3, Ny ~0, Re(qu)m%, Im(qy) = -2

SIPR f 1
Hence cy~ A/ 20)1) IB and Sy=— @
) u 1P1 u /zvlﬂl
AW 4

W = gcusu‘%4n for large w.
For small w,

1
M3—>«/§, My — —v_l,Blza), Dy —1, Dm—>w(sﬁ—l+r—v_1ﬁ12)

V2
Ny— =1, Ny— —o(s7+71), N3— —1, Ny— —o(1 +778})

2
[S [
Req)~o(1=50).  Im(g)~=- 20181 2+ 3718 |
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1 w?

crltsen sv—o 2913 € 2+ 37157

indicating that at low frequencies, modified visco-elastic-thermo dilata-
tional waves are affected by both electro-magnetic, visco-elastic parameters
and thermo-elastic coupling.

4r

AW
CuSu
w

w

~ 1 — 2 — 2
~w (1 + 5 69) [21)1,31 —€p (2—}-31)1,31)]
Again, for small €y from Eq. (49),

Jo

qo = — — 2
ﬁ[vza)z (s+k17)2+1] /

1 1
HMS —5 € (M5N3 _M6N4)] + [MG —5 €0 (MgN3 +M5N4)] l}

w(f*S*)l/z

1 * %k
= ||l - 2 —————— €
a0 (s*+k17)1/2[ 2 (1 —11)s* +kIT 9}

s

Jo 1
Re(qp) = — — 5 | Ms — 7 €0 (M5N3 — MgNy)
V2[2e? (s + k) +1]
Im(qp) = — Vo |:M6—%€9 (M6N3+M5N4)]

— 1/2
V2[R (s+km) 1] !

12
where Msg = (,/N§+Ngizv5) , Ns = (tsv0® — Dvw(s + k)
+w(sv+71)

Ne= (1570 — 1) —0*V(sv+ 1) (s +kIT)

For large w
— 2 —7 T
_ kIT+tkll
M5—>a)3/2«/2tsﬁ(s+k17)1/2, M6:\/5(vs +sv_ +Tkil)
V2ts(s +kIT)1/2
—_— 2 —7 7
WA/TS (Vs +sVkIT + tkIT)
N3 4—0, Re(qp)= Im(gp) =~

(s +kIT)1/2’ 20/Ts(s +kIT)3/2
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Hence,
(s +kI'/? (Vs + sTKIT + TkIT)
cg~——+—— and sy~ — —
VTS 20./Ts(s + kIT)3/2
for large w.

Therefore, the thermal wave speed and the attenuation coefficient are
independent of the visco-elastic parameters and depend only on the elec-
tromagnetic parameters and thermal relaxation time.

4
—CpSp
w

27 (Vs + sUKIT + TkIT)
wtsv(s +kIT)

AW
w

For small w, N3— —1, N4 5s—0, N¢— —1, M5¢c— 1.

1 1
Re(%)%\/g(l +§ 69) , Im(%)&’\/g(l +§ 60) .

Hence, cy ~ /2w (1 - % 69) and s~ —, /% (1 —i—%E@)

1
=47 (1—262).

Thus, for the case of thermal waves, the specific energy loss is independent
of any electro-magnetic and visco-elastic parameters at low frequency but
influenced by the thermal coupling €.

AW
w

4
—CpSp
w
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