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Electro-magneto-thermo-visco-elastic Plane Waves
in Rotating Media with Thermal Relaxation
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A study is made of the propagation of plane electro-magneto-thermo-visco-
elastic harmonic waves in an unbounded isotropic conducting visco-elastic
medium of Kelvin–Voigt type permeated by a primary uniform magnetic field
when the entire medium rotates with a uniform angular velocity. The ther-
mal relaxation time of heat conduction, the electric displacement current, the
coupling between heat flow density and current density, and that between the
temperature gradient and the electric current are included in the analysis. A
more general dispersion relation is obtained to determine the effects of rota-
tion, thermal relaxation time, visco-elastic parameters, and the external mag-
netic field on the phase velocity of the waves. Perturbation techniques are
used to study the influence of small magneto-elastic and thermo-elastic cou-
plings on the phase velocity of the waves. Cases of low and high frequencies
are also analyzed to determine the effect of rotation, visco-elastic parame-
ters, thermo elastic and magneto-elastic coupling, as well as thermal relaxa-
tion time of heat conduction on the waves.

KEY WORDS: magneto-thermo-visco-elastic waves; rotating medium; thermal
relaxation.

1. INTRODUCTION

The propagation of electro-magneto-thermo elastic waves in an electri-
cally and thermally conducting unbounded isotropic non-rotating media
has been considered by many authors [1–7]. Paria [1,2] used the classi-
cal Fourier’s law of heat conduction and neglected the electric displace-
ment current, the coupling between the current density, and the heat
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flow density, that between the temperature gradient and the current den-
sity. Nayfeh and Nemat-Nasser [8] used a more general model of electro-
magneto-thermo-elasticity, which includes the thermal relaxation time of
heat conduction and the electric displacement current and studied the
propagation of plane waves in a non-rotating medium. Schoenberg and
Censor [9] studied the propagation of plane harmonic waves in a rotating
elastic medium where it is shown that the elastic medium becomes disper-
sive and anisotropic due to rotation.

It appears from the above discussion that little attention has been
given to the propagation of thermo-elastic plane waves in a rotating
medium in the presence of an external magnetic field using a more general
model of electro-magneto-thermo-elasticity. Since most large bodies like
the earth, the moon, and other planets have an angular velocity, it would
appear more realistic, on the considerations of the visco-elastic nature of
the earth [10,11], to consider the propagation of magneto-thermo-elastic
plane waves in a rotating visco-elastic medium. It is very likely that
rotation and viscoelastic parameters will have some important effects on
coupled magneto-thermo-visco-elastic plane waves. Roy Choudhuri and
Debnath [12] considered a problem of plane wave propagation in a rotat-
ing medium, but neglected the displacement current, charge density, the
coupling between heat flow and the current density, and that between the
temperature gradient and the current density.

The main object of this paper is to study the propagation of plane
harmonic waves in an infinite conducting thermo-visco-elastic medium
(Kelvin-Voigt type) permeated by a primary uniform magnetic field when
the entire medium rotates with a uniform angular velocity, using a more
general model of electro-magneto-thermo-visco-elasticity by including (i)
the displacement current, (ii) the thermal relaxation time of heat conduc-
tion (Lord-Shulman’s theory], (iii) the coupling between the heat flow and
the current density, and (iv) the coupling between the temperature gradi-
ent and the current density.

A more general dispersion relation is obtained to determine the
effects of rotation, thermal relaxation time, the external magnetic field,
and visco-elastic parameters on the phase velocity of the waves. Special
attention is given to the effects of rotation, relaxation time, visco-elastic
parameters, and small thermo-elastic as well as small magneto-elastic cou-
plings on the phase velocity of the waves. It may be mentioned that a sim-
ilar problem in rotating medium without visco-elastic effects was studied
by Roy Choudhuri and Debnath [12], and Roy Choudhuri [13], by Bakshi
et al. [14], and by Othman [15] in generalized thermoelasticity.
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2. FORMULATION OF THE PROBLEM AND THE BASIC
EQUATIONS

We considered an unbound, isotropic, thermally, and electrically
conducting visco-elastic medium (Kelvin-Voigt type) permeated by a pri-
mary uniform magnetic field to be H0. The medium is characterized by the
density ρ, Lame’ constants λ, µ, and visco-elastic parameters λ1,µ1 and
is rotating uniformly with an angular velocity Ω =Ωk where k is a unit
vector representing the direction of the axis of rotation. The displacement
equation of motion in a rotating frame of reference is

ρ [ü +Ω× (Ω×u)+2Ω× u̇]

[(λ+µ)+ (λ1 +µ1) ∂
∂t ]∇(∇ · u)+ (µ+µ1 ∂

∂t )∇2u + j× B −γ0 grad θ (1)

Maxwell’s equations are

curl H = j + ∂D

∂t
, (2)

curl E =−∂B

∂t
, (3)

div B =0, div D =ρe, (4)

B =µe H , D =∈ E . (5)

The generalized Ohm’s law with the effect of the temperature gradient
on current is

j =σ [E +
(
∂u

∂t
+Ω×u

)
× B]− k0 grad θ. (6)

The local energy balance principle yields. –hi,i =ρcvθ̇ +γ0θ0�̇ (7)

The generalized Fourier’s law of heat conduction [10] is

τ0ḣi +hi =−kθ,i +Π0 ji , i =1,2,3. (8)

All symbols have their usual meanings as in Ref. 8.
Equations (7) and (8), on elimination of hi , give the generalized

heat conduction equation (Lord–Shulmon’s model of generalized thermo-
elasticity [17]):

ρcV (θ̇ + τ0θ̈ )+γ0θ0(�̇+ τ0�̈)= k∇2θ −Π0 ji,i . (9)
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Eliminating j, ρe, D, B in Eqs. (1)–(6) and (9), linearizing by setting
H = H0 +h∗, where h∗ is the perturbed field of H0, and assuming that the
products of h∗, E,u, θ and their derivatives to be very small, the non-lin-
ear coupled partial differential equations reduce to

ρcV (θ̇ + τ0θ̈ )+γ0θ0(�̇+ τ0�̈)= k∇2θ +Π0(∈∇ · Ė), (10)

ρ[ü +Ω× (Ω×u)+2Ω× u̇]= (λ+µ)∇(∇ · u)

+(λ1 +µ1)
∂

∂t
∇(∇ · u)+µ∇2u +µ1 ∂

∂t
∇2u −γ0∇θ +

µeσ(E × H0)+σµ2
e{(u̇ ×Ω×u)× H0}× H0 − k0µe(∇θ × H0), (11)

∇2 E −∇(∇ · E)=µeσ [Ė +µe(ü +Ω× u̇)× H0]− k0µe∇ θ̇ +µe ∈ Ë . (12)

In the absence of rotation and visco-elastic parameters, these equa-
tions are reduced to those reported in Ref. 8.

Let us introduce the following notations

ω∗ = ρcV c2
1

k , c2
1 = λ+2µ

ρ
, g = γ0

ρcV
, b = γ0θ0

µ
, β2 = λ+2µ

µ
, β12 = λ1+2µ1

µ1 ,

τ = τ0ω
∗,

s = c2
1 ∈µe, ∈θ= bg

β2 , ∈E= µe

∣∣∣H0

∣∣∣2
ρc2

1
, ν= 1

σµe
, ν= νω∗

c2
1
, ν1 = µ1

µ
ω∗ν

Π =Π0µe ∈ω∗ ∣∣H0
∣∣ /(gρcV θ0), k = gk0θ0/

∣∣H0
∣∣ .

Here H0 = ∣∣H0
∣∣n where n is a unit vector in the direction of the

primary uniform magnetic field. Using as in Ref. 8, 1
ω∗ ,

c1
ω∗ ,

c1
gω∗ , θ0, and∣∣H0

∣∣µec1/g as the unit of time, length, displacement, temperature, and the
electric field, respectively, we obtain the following non-dimensional field
equations:

θ̇ + τ θ̈ −∇2θ + �̇+ τ�̈=Π · ∇ · Ė, (13)

νs Ë + Ė + (ü +Ω× u̇)×n −νk∇ θ̇ =ν∇2 E −ν∇(∇ · E), (14)

β2ν [üi + (Ω× (Ω×u))i + (2Ω× u̇)i ]

=ν(β2 −1)�,i +ν1(β ′2 −1)
∂

∂t
�,i +ν∇2ui +ν1 ∂

∂t
∇2ui −νβ2 ∈θ θ,i

+β2 ∈E {(E ×n)+ ((u̇ +Ω×u)×n)×n −νk(∇θ ×n)}
i=1, 2, 3 . . . . . . . (15)
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where “comma” followed by “i” in the subscripts of � and θ above
indicate partial derivative with respect to the spatial coordinate. The field
equations, Eqs. (13)–(15), without the visco-elastic effect (ν1 = 0, β1 = 0)
are reduced to the corresponding equations of Roy Choudhuri [13, p. 521].
Here θ,u, E are all corresponding dimensionless quantities.

3. PLANE HARMONIC WAVES AND DISPERSION EQUATION

We consider, without any loss in generality, plane waves in the rotat-
ing medium in the x1-direction. We look for time-varying dynamic solu-
tions and as such, the time-independent part of the centripetal acceleration
as well as body forces will be neglected.

We assume u = (u,v,w), E = (E1, E2, E3),Ω= (Ω1,Ω2,Ω3).
The primary uniform magnetic field H0 is in the direction H0 = H0n

where n = (n1,o,n3). Equations (13)–(15) are reduced to

θ̇ + τ θ̈ − θ ′′ + u̇′ + τ ü′ =π Ė ′
1, (16)

νs Ë1 + Ė1 +n3v̈ +n3(Ω3u̇ −Ω1ẇ)−νkθ̇ ′ =0, (17)

νs Ë2 + Ė2 +n1ẅ−n3ü +n1(Ω1v̇ −Ω2u̇)−n3(Ω1ẇ−Ω3v̇)=νE2
′′, (18)

νs Ë3 + Ė3 +n1v̈ −n1(Ω3u̇ −Ω1ẇ)=νE3
′′, (19)

ν[ü + (Ω1u +Ω2v+Ω3w)Ω1 −Ω2u +2(Ω2ẇ−Ω3v̇)]
= νu′′ +ν′β2

1 u̇′′ −ν ∈θ θ ′+∈E {E2n3 +n1n3ẇ

− n2
3u̇ −Ω2n3(n1u +n3w)+vn3(n1Ω1 +n3Ω3)}, (20)

νβ2[v̈ + (Ω1u +Ω2v+Ω3w)Ω2 −Ω2v+2(u̇Ω3 − ẇΩ1)]
=νv′′ +ν′v̇′′ +β2 ∈E {E3n1 − E1n3 − v̇ − (n1u +n3v)(n1Ω3 −n3Ω1)

+(n1Ω1 +n3Ω3)(n1w−n3u)+νkn3θ
′}, (21)

νβ2[ẅ+ (Ω1u +Ω2v+Ω3w)Ω3 −Ω2w+2(v̇Ω1 − u̇Ω2)]
=νw′′ +ν′ẇ′′ −β2 ∈E n1 ×{E2 +n1ẇ−n3u̇ −Ω(n1u +n3w)

+v(n1Ω1 +n3Ω3), (22)
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where β2
1 = β ′2

β2 , ν1 = ν′
ν

and β1, ν1 are the visco-elastic parameters.
Here the prime over the field variables denotes the differentiation with

respect to the x1-coordinate.
Case A: We consider the case n3 =0, n1 =1. Equations (16)–(22) are

reduced to

θ̇ + τ θ̈ − θ ′′ + u̇′ + τ ü′ =Π Ė ′
1, (23)

νs Ë1 + Ė1 −νkθ̇ ′ =0, (24)

νs Ë2 + Ė2 + ẅ+Ω1v̇ −Ω2u̇ =νE ′′
2 , (25)

νs Ë3 + Ė3 − v̈ −Ω3u̇ +Ω1ẇ=νE3
′′, (26)

ü +Ω1Ω2v−Ω2
2 u +Ω1Ω3w−Ω2

3 u +2(Ω2ẇ− v̇Ω3)

=u′′ +ν1β
2
1 u̇′′−∈θ θ ′, (27)

νβ2[v̈ + Ω3(wΩ2 −vΩ3)+Ω1(Ω2u −Ω1v)+2(u̇Ω3 − ẇΩ1)]
= νv′′ +ν′v̇′′ +β2 ∈E {E3 − v̇ −uΩ3 +Ω1w}, (28)

νβ2[ẅ+Ω1(uΩ3 −wΩ1)+Ω2(Ω3v−Ω2w)+2(v̇Ω1 − u̇Ω2)]
=νw′′ +ν′ẇ′′ −β2 ∈E {E2 +w−Ω2u +vΩ1}. (29)

When ν1 =0, Eqs. (27)–(29) reduce to the corresponding equations of
Roy Choudhuri [13, p. 522]. When Ω1 =Ω2 =Ω3 = 0,the system of equa-
tions, Eqs. (23)–(29), break up into three groups as

θ̇ + τ θ̈ − θ ′′ + u̇′ + τ ü′ =Π Ė1
′, (30)

νs Ë1 + Ė1 −νkθ̇1
′ =0, (31)

ü =u′′ +ν1β
2
1 u̇′′−∈θ θ ′, and (32)

νs Ë2 + Ė2 + ẅ=. νE2
′′, (33)

νs Ë3 + Ė3 − v̈ =νE3
′′, (34)
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νβ2v̈ =νv′′ +ν′v̇′′ +β2 ∈E (E3 − v̇), (35)

νβ2ẅ=νw′′ +ν′ẇ′′ −β2 ∈E (E2 +w). (36)

Equations (30)–(32) correspond to coupled thermo-visco-elastic dila-
tational–electrical waves. Equation (33) with (36) and Eq. (34) with (35)
correspond to coupled visco-elastic shear electrical waves, not studied ear-
lier. These three groups are independent of each other. The coupling
between the longitudinal and shear motions disappears when Ω1 =Ω2 =
Ω3 =0. When Ω2 =Ω3 =0,Ω1 =Ω �=0, Eqs. (23)–(29) are reduced to

θ̇ + τ θ̈ − θ ′′ + u̇′ + τ ü′ =Π Ė1
′, (37)

νs Ë1 + Ė1 −νkθ̇1
′ =0, (38)

ü =u′′ +ν1β
2
1 u̇′′−∈θ θ ′, (39)

νs Ë2 + Ė2 + ẅ+Ω v̇ =νE2
′′, (40)

νs Ë3 + Ė3 − v̈ + ẇΩ=νE3
′′, (41)

νβ2[v̈ −Ω2v−2ẇΩ]=νv′′ +ν′v̇′′ +β2 ∈E {E3 − v̇ −Ωw}, (42)

νβ2[ẅ−wΩ2 +2Ω v̇]=νw′′ +ν′ẇ′′ −β2 ∈E {E2 + ẇ+vΩ}. (43)

Equations (37)–(39) form one system I, which corresponds to the
coupled visco-elastic-thermal-dilatational and electrical waves. The four
remaining equations, Eqs. (40)–(43), form a second system II, which corre-
sponds to coupled electrical visco-elastic shear waves (independent of the
thermal field as expected) and x2, x3 components of the electric field, influ-
enced by rotation.

3.1. Dispersion Equations for the Systems II and I

For waves propagation in the x1-direction, we write

(E2, E3, v, w)=aE2 , aE3 , aV , aω) exp{i(qx1 +ωt)}, (44)

where ω is real and q is complex. The wave speed is then C =ω/Re(q) and
the attenuation coefficient S = −Im (q).

We substitute Eq. (44) into Eqs. (40)–(43) and for non-trivial solu-
tions for aE2 ,aE3 ,aV ,aω we obtain the following dispersion relation for
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the system II:

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

iω−νsω2 +νq2, 0, Ωiω, −ω2

0, iω−νsω2 +νq2, ω2, iωΩ

0, −β2 ∈E ,
νβ2(−ω2 −Ω2)+νq2

+iωq2ν′ +β2 ∈E iω, −2νβ2iωΩ−β2 ∈E Ω

β2 ∈E , 0, 2νβ2Ωiω+β2 ∈E Ω,
νβ2(−ω2 −Ω2)

+νq2 + iωq2ν′ +β2 ∈E iω

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=0

(45)

Equation (45) represents a more general dispersion relation in the
sense that it incorporates the effects of visco-elasticity and the rotation
on the phase speed of the waves when the displacement current and the
charge density are included in the analysis.

For system I, we substitute (θ, E1,u)= (aθ ,aE1 ,au) exp{i(qx1 + ωt)}
into Eqs. (37)–(39) and for non-trivial solutions for constants aθ ,aE1 ,au

we obtain dispersion equation for the system I as
∣∣∣∣∣∣
iω− τω2 +q2, Πqω, −ωq − τω2iq

νkqω, iω−νsω2, 0
∈θ iq, 0, q2 −ω2 +γ1β

2
1 iωq2

∣∣∣∣∣∣ = 0. (46)

4. PERTURBATION SOLUTION OF THE SYSTEM II AND I FOR
SMALL ∈E AND ∈θ

Expanding the determinant of Eq. (45), we obtain for the system II,

(iω−νsω2 +νq2)[iω−νsω2 +νq2){(νβ2(−ω2 −Ω2)

+νq2 + iωq2ν′ +β2 ∈E iω)2 + (2νβ2iωΩ+β2 ∈E Ω)
2}

+β2 ∈E {ω2(νβ2(−ω2 −Ω2)+νq2

++ iωq2ν′ +β2 ∈E iω)− iωΩ(2νβ2Ωiω+β2 ∈E Ω)}]
−β2 ∈E [−β2 ∈E (−Ω2ω2 +ω4)− (iω−νsω2 +νq2)

{Ωiω(−2νβ2iωΩ−β2 ∈E Ω)+ω2(νβ2(−ω2 −Ω2)+νq2 + iωq2ν′

+β2 ∈E iωw)}]=0. (47)
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To obtain the perturbation solution for II, for small ∈E we first put
∈E = 0 in Eq. (47).

Then we obtain (q2 − s∗ω2)[{
q2(1+ iων1)−β2(ω2 +Ω2)

}2 −4β4Ω2ω2
]
=0, where we write iω−νsω2

+νq2 =ν(q2 − s∗ω2), s∗ = s − i
νω

.
The above equation has two solutions: q2 = s∗ω2 = q2

E0
, q2 =β∗2ω2

0 =
q2
v0

, where ω0 =ω+Ω and β∗2 = β2

1+iων1
.

Next let us write Eq. (47) in a form neglecting 0 (∈2
E ) and substitute

into this new equation for q2, the following:

q2
E =q2

E0
+ ξE ∈E +0(∈2

E )= s∗ω2 + ξE ∈E +0(∈2
E ),

q2
v =q2

v0
+ ξv ∈E +0(∈2

E )=β∗ω2
0 + ξv ∈E +0(∈2

E ),

where ξE , ξv are to be determined. Equating like powers of ∈E , after
lengthy algebra we obtain,

ξE = 2β2ω2

ν2
·

{
β2
(
ω2 +Ω2

)− s∗ω2 (1+ iων1)−2β2Ω2
}

[{
β2
(
ω2 +Ω2

)− s∗ω2 (1+ iων1)
}2 −4β4Ω2ω2

] .

For ν1= 0 this agrees with the corresponding result derived by Roy
Choudhuri [13] except some erroneous calculation in the last term. Fur-
thermore, for ν1= 0 and Ω= 0, the result agrees with the corresponding
result, in the non-rotating case as reported in Ref. 8 [Eq. (31b)]. Similarly
substituting q2 =q2

v , we obtain

ξv =−β
2(ω+Ω)(iνψ1 +ω)
ν2(1+ iων1)ψ1

where ψ1 =β∗2ω2
0 − s∗ω2.

For ν1= 0 and ψ1 =β2ω2
0 − s∗ω2, the above result agrees with the cor-

responding result of Roy Choudhuri [13]. For ν1 =0,Ω=0 we have

ψ1 =β2ω2 − s∗ω2 and ξv = β2{i +νω(s∗ −β2)}
iν2(s∗ −β2)

.

This agrees with the corresponding result, in the non-rotating case as
reported in Ref. 8 [Eq. (31a)].

Thus, we obtain the following perturbation solution for the system II
as

q2
E = s∗ω2

[
1+ 2β2 ∈E

s∗ν2

{β2(ω2 −Ω2)− s∗ω2(1+ iων1)}
{(β2(ω2 +Ω2)− s∗ω2(1+ iων1))

2 −4β4Ω2ω2}

]
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q2
v =β∗2ω2

0

[
1−{(ω+Ω)(iνψ1 +ω)}∈E /ψ1ν

2ω2
0

]
. (48)

4.1. Perturbation Solution for the System I

The dispersion relation, Eq. (46), can be written in the form,

{ω2 −q2(1+ν1β
2
1 iω)}[kΠq2 + s∗(q2 −ω2τ ∗)]+∈θ q2ω2τ ∗s∗ =0,

where τ ∗ = τ − i
ω

. For ν1= 0, this equation readily agrees with that
reported in Ref. 13.

In this case the perturbation solution for small ∈θ is given by

q2
u =ω2/(1+ν1β

2
1 iω)+ ξu ∈θ + 0(∈2

θ ),

q2
θ = τ ∗ω2s∗

s∗ + kΠ
+ ξθ .∈θ +0(∈2

θ ), (49)

where

ξu = ω2τ ∗s∗

[(1− τ1)s∗ + kΠ ](1+ν1β
2
1 iω)

, ξθ = τ ∗2ω2s∗2

{(τ1 −1)s∗ − kΠ}(s∗ + kΠ)

where τ1 = τ ∗(1 + ν1β
2
1 iω). For ν1 = 0, τ1 = τ ∗ the above result agrees with

the corresponding result as reported in Ref. 13.
Case B: Charge density vanishes. In this case ρe =0,∈�=0, νk �=0
Then Eqs. (16)–(22), in the case Ω2 =Ω3 =0,Ω1 =Ω �=0 are reduced

to

νü =νu′′ ++ν′β2
1 u̇′′ −ν ∈θ θ ′+∈E n3(E2 +n1ẇ−n3u̇ +vΩn1)

νβ2[v̈ −Ω2v−2ẇΩ]=νv′′ +ν′v̇′′ +β2 ∈E (E3n1 − v̇n2
1 +wΩn2

1)

νβ2[ẅ−Ω2w+2Ω v̇]=νw′′ +ν′ẇ′′ −β2 ∈E n1(E2 +n1ẇ−n3u̇ +vn1Ω)

θ̇ + τ θ̈ − θ ′′ + u̇′ + τ ü′ =0

νs Ë2 + Ė2 +n1ẅ−n3ü +n1Ω v̇ =νE ′′
2

νs Ë3 + Ė3 −n1v̈ +n1Ωẇ=νE ′′
3 (50)
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If n1= 0, n3= 1, the last equation uncouples and the other five equa-
tions of Eq. (50) reduce to two independent systems ID and IID. The sys-
tem ID consists of the equations,

θ̇ + τ θ̈ − θ ′′ +u′ + τ ü′ =0

νü =νu′′ +ν′β2
1 u̇′′ −ν ∈θ θ ′+∈E (E2 − u̇)

νs Ë2 + Ė2 − ü =νE ′′
2 .

(51)

The system IID consists of the equations,

β2[v̈ −Ω2v −2ẇΩ]=v′′ +ν1v̇′′, β2[ẅ−Ω2w+2Ω v̇]=w′′ +ν1ẇ
′′. (52)

These equations correspond to the visco-elastic shear waves modified
by rotation of the medium. The solution of the dispersion equation is q =
β(ω+Ω)

(1+ν2
1ω

2)1/2
(1−νiω)1/2.

The phase velocity c = (ω/Re(q))=
√

2ω(1+ν2
1ω

2)1/2

β(ω+Ω)[
√

1+ν2
1ω

2+1]1/2
.

For ν1= 0, this readily agrees with that derived in Ref. 13 (p. 526).
In the system ID, we put (θ,u, E2)= (aθ ,au,aE2) exp{i(qx +ωt)}.
For non-zero solution for the constants aθ ,au , aE2 we obtain the

characteristic equation,

∣∣∣∣∣∣
−τω2 +q2 + iω, −qω− τ iω2q, 0

ν ∈θ iq, −νω2 +νq2 +ν1β2
1 q2ωi+∈E iω, −∈E

0, ω2, νq2 −νsω2 + iω

∣∣∣∣∣∣=0,

which can be written in the form,

(q2 −ω2τ ∗)[{ν(q2 −ω2 +ν1β
2
1 iω) + ∈E iω}ν(q2 −ω2s∗)+∈E ω

2]
− ν2 ∈θ q2ω2τ ∗(q2 −ω2s∗)=0. (53)

4.2. Perturbation Solution for Small ∈E and ∈θ
We first put ∈E=0 in Eq. (53), which then becomes

(q2 −ω2s∗)[(q2 −ω2τ ∗)(q2 −ω2 +ν1β
2
1 iω)−∈θ q2ω2τ ∗]=0.

The solution, q2 = s∗ω2 =q2
E2

, corresponds to the uncoupled electrical
wave. The other solutions, corresponding to the second factor are found
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by perturbation method for small ∈θ to be

q2
1 = ω2

(
1− i

ω
ν1β

2
1

)[
1+ τ ∗

(1− i
ω
ν1β

2
1 )− τ ∗ ∈θ

]
,

q2
2 = ω2τ ∗

[
1− τ ∗

(1− i
ω
ν1β

2
1 )− τ ∗ ∈θ

]
.

For ν1= 0 (i.e., without visco-elastic effect), these agrees with Ref. 13
(p. 526).

These correspond to the coupled visco-elastic dilatational thermal
waves. For the coupled waves, we next put

q2 = q2
u =q2

1 + ξu ∈E +0(∈2
E ), q2 =q2

θ =q2
2 + ξθ ∈E +0(∈2

E ),

q2 = s∗ω2 + ξE ∈E +0(∈2
E ),

in Eq. (53) and equate like powers of ∈E to obtain after lengthy algebra,

q2
u =ω2

(
1− i

ω
ν1β

2
1

)[
1+ τ ∗{(

1− i
ω
ν1β

2
1

)− τ ∗}
]

− ∈E{(
1− i

ω
ν1β

2
1

)− τ ∗}2

[{(
1− i

ω
ν1β

2
1

)
− τ ∗

}2

+
(

1− i

ω
ν1β

2
1

)
∈θ τ ∗

]

[{(
1− i

ω
ν1β

2
1

)
− τ ∗

}2

+ iων

{((
1− i

ω
ν1β

2
1

)
− s∗

)((
1− i

ω
ν1β

2
1

)
− τ ∗

)

+
(

1− i

ω
ν1β

2
1

)
∈θ τ ∗

} ]
/Mu,

where

Mu =ν2

⎡
⎢⎣ τ∗ (1− i

ω ν1β
2
1

)
∈θ{(

1− i
ω ν1β

2
1

)
− τ∗

}2

{((
1− i

ω
ν1β

2
1

)
− τ∗

)2
+
(

1− i

ω
ν1β

2
1

)
∈θ τ∗

}

+ 1{(
1− i

ω ν1β
2
1

)
− τ∗

}2

{((
1− i

ω
ν1β

2
1

)
− τ∗

)2
+
(

1− i

ω
ν1β

2
1

)
∈θ τ∗

}
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{((
1− i

ω
ν1β

2
1

)
− s∗

)((
1− i

ω
ν1β

2
1

)
− τ∗

)
+
(

1− i

ω
ν1β

2
1

)
∈θ τ∗

}

+ τ∗ ∈θ{(
1− i

ω ν1β
2
1

)
− τ∗

}2

{((
1− i

ω
ν1β

2
1

)
− s∗

)(
1− i

ω
ν1β

2
1

)
−τ∗)+

(
1− i

ω
ν1β

2
1

)
∈θ τ∗

}

(
1− i

ω
ν1β

2
1

)
− τ∗ ∈θ

⎧⎨
⎩
(

2
(

1− i

ω
ν1β

2
1

)
− s∗

)
+

2
(

1− i
ω ν1β

2
1

)
∈θ τ∗

(
1− i

ω ν1β
2
1

)
− τ∗

⎫⎬
⎭
⎤
⎦

q2
θ = ω2τ ∗

{
1− τ ∗ ∈θ(

1− i
ω
ν1β

2
1

)− τ ∗

}
+ ∈E τ

∗2 ∈θ(
1− i

ω
ν1β

2
1

)− τ ∗

×
[
1+ iων(

1− i
ω
ν1β

2
1

)− τ ∗

{
(τ ∗ − s∗)

((
1− i

ω
ν1β

2
1

)
−τ ∗

)
− τ ∗2 ∈θ

}]/
Mθ

and

Mθ = ν2

⎡
⎣ τ ∗2 ∈θ{(

1− i
ω
ν1β

2
1

)− τ ∗}2

{{(
1− i

ω
ν1β

2
1

)
− τ ∗

}2

+ τ∗2 ∈θ
}

− τ ∗2 ∈θ{(
1− i

ω
ν1β

2
1

)− τ ∗}2

{(
τ ∗ − s∗){{(1− i

ω
ν1β

2
1

)
− τ ∗2 ∈θ

}}

− 1{(
1− i

ω
ν1β

2
1

)− τ ∗}2

{{(
1− i

ω
ν1β

2
1

)
− τ ∗

}2

+ τ ∗2 ∈θ
}

×
{(
τ ∗ − s∗){(1− i

ω
ν1β

2
1

)
− τ ∗

}
−τ ∗2 ∈θ

}
− ∈θ τ ∗{(

1− i
ω
ν1β

2
1

)− τ ∗}
×
{(

2τ ∗ − s∗)((1− i

ω
ν1β

2
1 )− τ ∗

)
−2τ ∗2 ∈θ

}]

q2
E2

= s∗ω2 + ∈E (τ
∗ − s∗)

ν2 [(s∗ − τ ∗)
{
s∗ − (

1− i
ω
ν1β

2
1

)}−∈θ τ ∗s∗] (54)

to the first order in ∈E .

APPENDIX

A close look at the solutions given by Eqs. (48), (49), and (54) reveals
that, in general, there are five different modified waves which can prop-
agate in an unbounded isotropic electrically and thermally conducting
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visco-elastic medium. They are visco-elastic dilatational, shear, electro-
magnetic, and thermal waves, i.e., visco-elastic dilatational, shear modes,
thermal mode, and electrical mode (two components).

For small ∈E , the solutions of Eq. (33) are written as

qv ≈β∗ω0

[
1− 1

2
∈E

ν2ω2
0

L

ψ1

]
, qE ≈√

s∗ω
[

1+ β2 ∈E

ν2
· M −2β2Ω2

s∗(M2 −4β4Ω2ω2)

]

where

L = (ω+Ω)(ω+ iνψ1),M =β2(ω2 +Ω2)− s∗ω2(1+ iων1)

Re(qv)≈ βω0√
2(1+ω2ν2

1)
1/2

[
L1 − ∈E

2νω0
(L1L3 − L2L4)

]

Im(qv)≈ βω0√
2(1+ω2ν2

1)
1/2

[
L2 − ∈E

2νω0
(L2L3 + L1L4)

]
,

where L1,2 ={(1+ω2ν2
1)

1/2 ±1}1/2, L3 = sω3ν1(ν p−ω2ν1)+νωpq
(ν p−ω2ν1)

2+q2ω2

L4 = ν p(ν p −ω2ν1)−qsω4ν1

(ν p −ω2ν1)
2 +q2ω2

, p =β2ω2
0 − sω2,q = (1− sω2ν1).

The phase velocity cv= ω
Re(qv)

≈ ω
√

2(1+ω2ν2
1)

1/2

βω0 L1

[
1+ ∈E

2νω0 L1
(L1L3 − L2L4

]
.

The attenuation co-efficient sv≈− βω0√
2(1+ω2ν2

1)
1/2

[
L2 − ∈E

2νω0
(L2L3+L1L4)

]
.

In the absence of the visco-elastic effect, ν1 =ν1 =0

q =1, L1 =√
2, L2 =0, L3 = νωp

ν2 p2 −ω2
, L4 = ν2 p2

ν2 p2 +ω2
,

and the above results are identical with the similar results of Roy
Choudhuri [13, p. 528].

For large ω,

L1,2 →√
ων1, L3 →0, L4 →1, Re(qv)≈ β

√
ω√

2ν1
, Im(qv)≈ β

√
ω√

2ν1

Hence cv ≈
√

2ων1
β

, Sv ≈− β
√
ω√

2ν1
for large ω.

For large ω the specific energy loss is given by �W
W =

∣∣∣ 4π
ω

cvsv
∣∣∣ ≈4π .

For small ω, L1 =√
2, L2 =0, L3 =0, L4 =1, p =β2Ω2, q =1.



Electro-magneto-thermo-visco-elastic Plane Waves in Rotating Media 1415

Re(qv) ≈ βΩ, Im(qv) ≈ − β
2ν ∈E , Hence cv ≈ ω

βΩ
, sv ≈ β∈E

2ν for
small ω.

The specific energy loss is �W
W =

∣∣∣ 4π
ω

cvsv
∣∣∣ ≈ 2π∈E

Ων
for small ω.

Re(qE )≈
√
ω

2ν

[
M1 + β2 ∈E

ν2
(M1 N1 − M2 N2)

]
,

Im(qE )≈
√
ω

2ν

[
M2 + β2 ∈E

ν2
(M2 N1 + M1 N2)

]
,

where M1,2 =
[√

1+ s2ν2ω2 ± sνω
]1/2

.

N1=
[
ω2 M∗

{
s M∗

0 + 2M0
ν2 (1−sω2ν1)

}
+ω2

ν2
(1−sω2ν1){2M0ω

2s(1−sω2ν1)−M∗
0 }
]

[
ω2

{
s M∗

0 + 2M0
ν2 (1−sω2ν1)

}2+ 1
ν2

{2M0ω
2s(1−sω2ν1)−M∗

0 }2

]

N2=
[
ω3

ν
(1−sω2ν1)

{
s M∗

0 + 2M0
ν2 (1−sω2ν1)

}
−M∗

{
2M0ω

3s
ν

(1−sω2ν1)− M∗
0ω

ν

}]
[
ω2

{
s M∗

0 + 2M0
ν2 (1−sω2ν1)

}2+ 1
ν2

{
2M0ω

2s(1−sω2ν1)−M∗
0

}2
]

M0 =β2(ω2 +Ω2)−ω2
(

s2 + ν1

ν

)

M∗
0 = M2

0 − ω2

ν2
(1− sω2ν1)2 −4β4Ω2ω2, M∗ =β2(ω2 −Ω2)−ω2

(
s + ν1

ν

)

For small ω,

M0 ∼β2Ω2, M∗
0 ∼β4Ω4, M∗ ∼−β2Ω2, M1,2 ∼1, N1 ∼0, N2 ∼− ων

β2Ω2

Re(qE )≈
√
ω

2ν

[
1+ ∈E ω

νΩ2

]
, Im(qE )≈

√
ω

2ν

[
1− ∈E ω

νΩ2

]

Hence, cE ≈√
2νω

[
1− ∈Eω

νΩ2

]
, sE ≈−

√
ω
2ν

[
1− ∈Eω

νΩ2

]

�W

W
=
∣∣∣∣4πω cE sE

∣∣∣∣ ≈4π
[
1− ∈E ω

νΩ2

]2
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Therefore, the specific energy loss depends on rotation but is independent
of visco-elastic parameters at a low frequency.

For large ω, M1 →√
2ωsν, M2 → 1√

2sων
, N1,2 →0.

Re(qE )≈ω√
s, Im(qE )≈ 1

2ν
√

s
, cE ≈ 1√

s
and sE ≈− 1

2ν
√

s
for large ω.

�W

W
=
∣∣∣∣4πω cE sE

∣∣∣∣ ≈ 2π
ωνs

.

For small ∈θ , Eq. (49) leads to qu ≈ ω(1−ν1β
2
1 iω)1/2

(1+ν2
1β

4
1ω

2)1/2

[
1+ 1

2
τ∗s∗

(1−τ1)s∗+kΠ
∈θ
]
.

Re(qu)≈ ω√
2(1+ν2

1β
4
1ω

2)1/2

[
M3 + ∈θ

2
(M3 N3 − M4 N4)

]

Im(qu)≈ ω√
2(1+ν2

1β
4
1ω

2)1/2

[
M4 + ∈θ

2
(M4 N3 − M3 N4)

]
,

where M3,4 = (
√

1+ν2
1β

4
1ω

2 ±1)1/2

N3= Ny Dy+Nm Dm

D2
y+D2

m
, N4= Nm Dy−Ny Dm

D2
y+D2

m
, Ny=τ sνω2−1, Nm=−ω(sν+τ)

Dy = sνω2(1−τ)+1+νω2kΠ−(sν+τ)ν1β
2
1ω

2, Dm=ω{sν−1+τ−(sντω2+1)

ν1β
2
1 }.

For large ω,M3,4 ≈√
ων1β1, N3, N4 ≈0, Re(qu)≈

√
ω√

2ν1β1
, I m(qu)=

√
ω√

2ν1β1

Hence, cu ≈√
2ων1β1 and su =−

√
ω√

2ν1β1
�W
W =

∣∣∣ 4π
ω

cusu

∣∣∣≈4π for large ω.
For small ω,

M3 →√
2, M4 → 1√

2
ν1β

2
1ω, Dy →1, Dm →ω(sν−1+ τ −ν1β

2
1 )

Ny →−1, Nm →−ω(sν+ τ), N3 →−1, N4 →−ω(1+ν1β
2
1 )

Re(qu)≈ω
(

1− ∈θ
2

)
, Im(qu)≈ ω2

4

[
2ν1β

2
1−∈θ (2+3ν1β

2
1 )
]
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cu ≈1+ 1
2

∈θ , su ≈−ω
2

4

[
2ν1β

2
1−∈θ (2+3ν1β

2
1

]

indicating that at low frequencies, modified visco-elastic-thermo dilata-
tional waves are affected by both electro-magnetic, visco-elastic parameters
and thermo-elastic coupling.

�W

W
=
∣∣∣∣4πω cusu

∣∣∣∣≈Πω
(

1+ 1
2

∈θ
)[

2ν1β
2
1−∈θ

(
2+3ν1β

2
1

)]

Again, for small ∈θ from Eq. (49),

qθ =
√
ω

√
2
[
ν2ω2

(
s + kΠ

)2 +1
]1/2

[{
M5 − 1

2
∈θ (M5 N3 − M6 N4)

}
+
{

M6 − 1
2

∈θ (M6 N3 + M5 N4)

}
i

]

qθ = ω(τ ∗s∗)1/2

(s∗ + kΠ)1/2

[
1− 1

2
τ ∗s∗

(1− τ1)s∗ + kΠ
∈θ
]

Re(qθ )=
√
ω

√
2
[
ν2ω2

(
s + kΠ

)2 +1
]1/2

[
M5 − 1

2
∈θ (M5 N3 − M6 N4)

]

Im(qθ )=
√
ω

√
2
[
ν2ω2

(
s+kΠ

)2+1
]1/2

[
M6 − 1

2 ∈θ (M6 N3 + M5 N4)
]

where M5,6 =
(√

N 2
5 + N 2

6 ± N5

)1/2

, N5 = (τ sνω2 − 1)νω(s + kΠ)

+ω(sν+ τ)
N6 = (τ sνω2 −1)−ω2ν(sν+ τ)(s + kΠ)

For large ω

M5 →ω3/2
√

2τ sν(s + kΠ)1/2, M6 =
√
ω(νs2 + sνkΠ + τkΠ)√

2τ s(s + kΠ)1/2
,

N3,4 →0, Re(qθ )≈ ω
√
τ s

(s + kΠ)1/2
, Im(qθ )≈ (νs2 + sνkΠ + τkΠ)

2ν
√
τ s(s + kΠ)3/2
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Hence,

cθ ≈ (s + kΠ)1/2√
τ s

and sθ ≈− (νs2 + sνkΠ + τkΠ)

2ν
√
τ s(s + kΠ)3/2

for large ω.
Therefore, the thermal wave speed and the attenuation coefficient are

independent of the visco-elastic parameters and depend only on the elec-
tromagnetic parameters and thermal relaxation time.

�W

W
=
∣∣∣∣4πω cθ sθ

∣∣∣∣= 2π(νs2 + sνkΠ + τkΠ)

ωτ sν(s + kΠ)

For small ω, N3 →−1, N4,5 →0, N6 →−1,M5,6 →1.

Re(qθ )≈
√
ω

2

(
1+ 1

2
∈θ
)
, Im(qθ )≈

√
ω

2

(
1+ 1

2
∈θ
)
.

Hence, cθ ≈√
2ω

(
1− 1

2 ∈θ
)

and sθ ≈−
√
ω
2

(
1+ 1

2 ∈θ
)

�W

W
=
∣∣∣∣4πω cθ sθ

∣∣∣∣=4π
(

1− 1
4

∈2
θ

)
.

Thus, for the case of thermal waves, the specific energy loss is independent
of any electro-magnetic and visco-elastic parameters at low frequency but
influenced by the thermal coupling ∈θ .
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